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ABSTRACT

This paper explores variational-composite hybrid fixed point
iterative scheme for the solution of third order three-point
boundary value problems. The method shows a strong
convergence which makes it an efficient and reliable technique for
finding approximate analytical solutions for third order three-point
boundary value problems of ordinary differential equations with
variable coefficients. From the numerical experiments carried out,
the accuracy of the method was confirmed through the order of
convergence obtained.
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INTRODUCTION

With the rapid development of linear and nonlinear science, many
numerical methods have been developed and used in an attempt
to solve various types of boundary value problems (BVPs), such
as fixed point iteration method, homotopy perturbation method
(HPM) and variational iteration method (VIM). The existence and
multiplicity of solutions of three-point boundary value problems
have been extensively studied in the literature. Multi-point
boundary value problems arise in various areas of applied
mathematics and engineering. In Al-Mustapha & Adeboye (2017),
the concept, development and applications of variational-
composite hybrid fixed iteration method was discussed. The
method shows a strong convergence which makes it an efficient
and reliable technique for finding approximate analytical solutions
for both linear and non-linear three point boundary value
problems. Adeboye (1999) first defined a H* Galerkin method on
boundary value problems and then converted it to a fixed point
iterative process which led to super convergence. Li & Wu
(2011)a and Li & Wu (2011)b introduced the reproducing kernel
method for solving linear singular fourth order four-point boundary
value problems. Also, they presented the analytical approximation
of nonlinear singular fourth order fourth-point boundary value
problems by combining homotopy perturbation method and
reproducing kernel method for solving linear singular fourth order
four-point boundary value problems. Geng & Cui (2009)
presented a method for solving nonlinear multi-point boundary
value problems by combining homotopy perturbation and
variational iteration methods. John et al. (2003) presented some
results on existence and nonexistence of positive solutions of
fourth order nonlinear differential equation three-point boundary

value problems. Geng (2009a) and Geng (2009b) introduced a
new reproducing kernel Hilbert space method for solving
nonlinear fourth order boundary value problems. lyase (2010)
presented some results concerning the existence of solutions for
the fourth order three-point boundary value problems. Tatari &
Dehgan (2006) used the Adomian decomposition method for
solving multi-point boundary value problems.

In this paper, we aim to apply variational-composite hybrid fixed
point iterative method proposed by Al-Mustapha and Adeboye
(2017) to differential equations of the third order three-point
boundary value problems with variable coefficients.

MATERIALS AND METHODS

Variational Iteration Method (VIM)
This method is implemented to give approximate and analytical
solutions for a class of boundary value problems and it produces
the solutions in terms of convergent series.
General Lagrange Multipliers are introduced to construct
correction functional for the systems in this method. The
Multipliers in the functional can be identified by the variational
theory. The starting function can be freely chosen with possible
unknown constraints which can be determined by imposing the
boundary/initial conditions.
To illustrate the basic concept of the technique, consider the
following nonlinear system

Lw + Nw = g(x) (€Y)]
Where L and Nare linear and nonlinear operators respectively
and g(x) is a forcing term. The correction functional for the
problem (1) can be approximately constructed as follows:

X

W1 () = WG + [ 0w () + N () = 96,

m=0 2)
where, A is a general Lagrange Multiplier, that can be identified
optimally via variational theory; here, w,, is the mth approximate
solution and wj,, is considered as restricted variation, i.e.,
6wy, = 0, making the correction functional (2) stationary

Variational-Composite hybrid fixed point iterative method
(VCHFPIM)

Let A be Hilbert space, T: A — A a nonexpensive mapping with
F(T) # @ and j(resp.k): A — Aand 7j(resp. Ty) be strongly
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monotone and L;(resp. L) be Lipschitzian mappings. For any
x1 € 4, {a,} is generated by
Yni1 = Ay + (1 — an)zjn}
Xn = BaYn + (1= B)Tiyn )’
which is a Hybrid lteration process, where T; and T are the given
operators and {a,} and {8,,} < (0,1) and {a,},cn (0,1) are
sequences satisfying appropriate conditions. From equation (3)

n=1 3)

we have
Y1 = tpyn + (1= an)Tj[ﬂnYn + (1 =B Teyn €))
Suppose we set

T, = Tj[ﬁn}’n + (1= p)Ty %)
Then

Yn+1 = Y + (1 —a)) Ty, (6)
Next, we consider the differential equation of the form
Y+ q@)y" + )y + sy = f(x) @)

with the boundary conditions

y(@ =Py ) =pBy"(b)=p3, a<i<b (8)
where q,7,s, f € [a,b] and 31, 5, B3 are constants.

Let

y"' =) - @@y +r@)y +sx)y (C)]
Then, using (6) the fixed point iterative scheme is obtained as
follows:

Yne1 = @y + (1 —an)Tyy”
= anyy’
+ (1 = ap)[f(x) — gy —r(yy
—s(x)] (10)

converges for 0 < a,, < 1. This is the proposed iterative method
for the solution of boundary value problems.

Numerical Applications

Problem 1:
Consider third order linear differential equation with variable
coefficients
x3y"" +2x%y" = —6Ilnx, xE€][l,e] (11)
subject to boundary conditions
y(1) =0,y" (e3) = 9,y(e) = 4 (12)
ye(x) = In3x + 3In?x (13)

Equation (11) is transformed as follows:
Assume from (11)
x=e%z=Inx,z? =In%x (14)

x=e?,z=Inx,z?> =In*x

Then, (11), (12) and (13) become
(v =3y +2y) + 2y, — 2y, =y, —y,/ = —6z (15)

and
¥2(0) = 0,37 (3) = 9,7,(1) = 4 (16)
ye(z) = z3 + 322 (17)

Applying variational iteration method, we construct a correction
functional as

(1
Y@ =30 @ = [ 3= D208 -3 ©

0
+6t)dt, n=01.- (18)
where,

A(t) = —%(t —z)? (19)

Starting with the initial approximation, yo(z) = az + %bz2

in equation (18).

Problem 2:

Consider third order linear differential equation with variable
coefficients

x3y" +3x%y" =In%x, x €[1,e] (20)
subject to boundary conditions
2
Y@ =0,y"(ef) = ~Ly(e) =3 1)
3 3x 3e In3x
ye(x) = ———2Inx (22)

2_2(1—e)+2(1—e)x_ 3

RESULTS

The results of problem 1 are presented in Tables |, Il and IlI, while
those of Problem 2 are shown in Tables lI, IV and V. All
computations were carried out using MAPLE 2017 software
package.

Table I: Comparison of results of Problem 1 whenn = 5,a = 1/2

z  Exact  VIM VCHFPIM Error(VIN) Error(VCHPIM)

00 0000 0000000000  0.000000000  0.00000C000 0

04 0031 0025232116 0.03033714  S.T4TEEIIME-3 33T1429100E-5
02 0128 0122034133 0.128084848  5.985866T10E-3 6.484841000E-5
03 0287 0296922800  0.287095714  7.720001000E-5 9.571431000E-5
04 0544 0556541866 0544120330  1.2541866THE-Z 1.263305100E4
03 0875 0507532083 0.873163217  3.2552083ME-2 1.63Z17T100E4
06 1206  1.356635200  1.296197639  6.083520010E-2 1.976391000E4
07 1813 1910471967 1.813223151  9.7471967T10E-2 2.231511000E-4
08 2432  RSTOTI4133 2432221322 1.43T1413MEA 2.223221000E-4
08 3159 3356050430 2.159164436  1.99950450ME-1 1.644361000E-3
10 4000  4.266BAB6ET  4.000000000  2.B6ERBEETIE-1 0.000000000

Table II: Comparison of results of Problem 2 when n = 5,a = 1

z  Exaet VIM VCHFPIM Error(VIM) Error
(VCHPIM)
0.0 0000 0.000000000  0.000000000 0.000000000 0.0
01 0.031 0025232116  0.030999999 5.374738333E-2 1.1E-11
0.2 0128 0122034133 0.128000000 0.005965866E-3 0.0
0.3 0237 0296922800  0.2969%999% 7.720001000E-3 1.1E-10
0.4 0344 0536541866  0.344000000 1.234136671E-2 0.0
0.5 0.87F 090733 0.875000000 31.255208301E-2 0.0
0.6 1236 13366833200  1.296000000 £.063520010E-2 0.0
0.7 1813 1910471967  1.813000000 9.747196710E-2 0.0
0.8 2431 2375714133 2.432000001 1.437141331E-1 1.10E-9
0.9 3159 3338930450  2.139000001 1.999304301E-1 1.10E-2
L0 4000 4266666667  4.000000000 2.66666667E-1 0.0

Table llI: Error estimates of Problem 1 for different derivatives
whenn =5

z  Exact Exact Error(VCHPIM)  Error{VCHPIM)
(1= derivative] (2™ derivative) (1 derivative)  [2™ derivative)
00 000 60 53E-10 1268
01 063 1 1AE-10 2108
02 132 72 1.1E-9 0.0
03 207 78 0.0 0.0
04 238 24 0.0 0.0
05 375 20 0.0 0.0
06 462 96 11E9 0.0
07 567 10.2 0.0 0.0
08 &72 108 11E-9 0.0
09 733 114 0.0 0.0
1.0 900 120 1.1E-49 21E-8
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third order ordinary differential equations with variable

Table IV: Comparison of results of Problem 2whenn = 4, a = 1/2 coefficients. The method is more accurate, less complicated and
z Exact VIM VCHFPIM Error{VIM) Errar[VCHPIM) converges faster than many well-known methods in use.

0.0 0.000000000 0000000000 0.00U000D0D  0.000000000 1.000000000

04 0417204865 DAMTI747IE 0.1663TTSE  1.1G0GTMI00E4  G.55027S100E4

02 0220755793 0220728171 0219831078 2762281000E5  8.747156100E4 REFERENCES 1 .
03 0311443822 031721775 0310652205 277953410054 799615510054 Adeboye, K. R. (1999). A super convergence H'- Galerkin,
0.4 0390331456 0391131250 0389908558  7.996246100E-4  5.225030100E4 collocation and quasi-iterative method for two—point
05 0455333333 0459576545  04SGIGE4B5  1543212410E-3  1.65B4TE000E4 ; ;

0.6 0515333211 0518830766  051652493¢  2515535610E-3  1.397233100E4 boundaryl value proble;m. _seminar. - paper, National
07 03522845 0368043431 0565B80131  3726586510E-3 4 GE20ESIOOES Mathematical Centre, Abuja, Nigeria. -

08 0605910871 0611039257 0606494460 4037681281E-2  5.835399100E4 Al-Mustapha, K. A. and Adeboye, K. R. (2017). Variational-
0.9 039371060 0646237683 0639930886  G.OISTOIGI0E-3  4.55T0G4100E4 Composite Hybrid Fixed Point Iterative Method for the

1.0 0666668665  0.675592373 0.566GG6666  8.92570VE10E-3  0.000000000

Solution of Three-Point Boundary Value Problems of Fourth
Order Differential Equations. Journal of the Nigerian

Table V: Comparison of results of Problem 2whenn = 4, a =1 Association of Mathematical Physics, 39: 111-118.

2 Bact VIM VCHFPIM___ Error{Vi) Ermor{VCHPIM) Geng, F. Z. (2009)a. A new reproducing kemel Hilbert space
00 0.000000000 0000000000 O .00000C0D 00000 method for solving nonlinear fourth-order boundary value
01 0017294685 OATTAT4TIE 0017204735  1.1SG6THI00E4  4.9110ES ) , ; .

02 0220755793 0220728171 02073674 2762231000E5  B.I010ES problems. Applied Mathematics and Computation, 213:163-
03 0311843622 0301721775 0311443001 277953410054 0.40000 169.

0.4 0390331456 0391131260 0.380331504  7.598246100E4  4.8210E-S

05 0458333333 0450678545 0456333333  1.543212410E-3  0.0000 Geng' F.Z (2009)b SO|VIng SmgUlar second order three-pomt

06 058335211 OSUEESOTER  0S1G3ISU6!  251SSSIBIES  4TIOES boundary value problems by using reproducing kernel
0.7 0585222845  0.5680405431 0585222764 3TI6586510E-3  B.0410ES Hilbert space method. Applied Mathematics and
08 0BOSII0ETI 0611098267 0AOSH107SY  4037B312B1E-2  THG10ES Computation,  215: 2095-2102.

09 0638371980 0B46287663 0.639371930  6.915703810E-3  4.9210E-S

10 O0F6OR85685 0675592373  O.GG6RB566  B9ISTOTEIOE-3  0.0000 Geng, F. Z. and Cui, M. G. (2009). Solving nonlinear multi-point

boundary value problems by combining homotopy
perturbation and variational iteration methods. Journal of
Non- linear Sciences and Numerical Simulation, 10(5): 597-

Table VI: Error estimates of Problem 2 for different derivatives

whenn = 4 600.
z  Exact Exact Error{VCHPIM)  Error(VCHPIM) i i

oty Sty (U o VSR 20 e s naueess e o
00 1245830720 - 1500000000 5271007  G71000E-3 O ! ] :
04 1101923175 -1.382371281  4.29100E-7 1.98710E-6 Journal of the Nigerian Mathematical Society, 29: 240 — 249.
02 0988061404  -1278577538 1611107 3ATTI0ES John, R. G., Chuanxi, Q. and Bo, Y. (2003). A three point value
03 (.346315330  -1.179656178  1.6E210E7 3.14310E-6 problem for nonlinear fourth order differential equations.
04 0732936886  -1088335211 4.28210B7  193210E-5 Journal of Mathematical Analysis and Applications, 287:
05 0628552128  -000G099899 529510E-T  0.00000 217- 233
N ooy joatET e Li, X. Y. and Wu, B. Y. (2011)a. Reproducing Kernel Method for
08 0360051403  -072MI%G0  1627T10E-T 317931E-8 singular fourth order four- point boundary value problems.
03 0301923178  -0B17628018  4.28010E7 1.98821E-5 Bulletin of the Malaysian Mathematical Science Society, 34:
10 0245930122 -0500000001  535810E-7  S7BM00E-8 147151,

Li, X. Y. and Wu, B. Y. (2011)b. A novel method for nonlinear
DISCUSSION singular fourth order four-point boundary value problems.
Computer and Mathematics with Applications, 62: 27-31.

Interpretation Tatari, M. and Dehghan, M. (2006). The use of the Adomian
Tables I, Il and Ill show the results of comparison of solutions of decomposition method for solving multipoint boundary value
problem 1 by the new method with the variational iteration method problems. Physica Scripts, 73(1): 672-676.

and as well as the exact solution. It is clearly seen that the new
method’s approximate solutions are closer to the exact solution
than the VIM. It is to be noted that even at the fifth iteration, the
error is zero, that is, exact!

The comparison of the maximum absolute errors of the new
method with the variational iteration method and the exact
solution of problem 2 is given in Tables IV, V and VI. Table VI
shows solution by the new method to the derivatives which shows
that the new method is accurate, even for the derivatives, which is
not common. From these tables, it can be observed that the new
method gives better approximation than the VIM.

Conclusion

From the numerical experiments carried out and summary of
tables shown the method shows a strong convergence which
makes it an efficient and reliable technique for finding
approximate analytical solutions for boundary value problems of
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