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INTRODUCTION 
The 1907 generalized equivalence hypothesis demands that equations 
of Physics should be generally covariant, the effect of which physical 
laws should be valid for any choice of space-time coordinate (Berry 
1989). The derivation of tensor equations involves the manipulation of 
any of the fourteen orthogonal curvilinear coordinates in nature to find 
solutions to physical problems (Howusu 2007) 
 
In Schwarzschild’s well known metric, the tensor field varies only with 
radial distance (Howosu 2003). This article introduces an 
astrophysically real or hypothetical distribution of mass within regions 
of spherical geometry; whose tensor field varies only with polar angle. 
Although astrophysical bodies having this geometry have not yet been 
discovered, our analysis in this article will help in studying 
astrophysical spherical distributions of mass whose field varies with 
both radial distance and polar angle only. An example of such a 
distribution is; a homogenous distribution of mass within a spherical 
region, which is rotating with uniform angular speed about a fixed 
diameter (Howosu 2003, 2007). 
 
Theoretical Analysis 
Consider a spherical body of radius R and total rest mass M 
distributed uniformly with a density . Then the general relativistic 
field equation in its exterior region are given tensorially (Howosu 
2007). 
 

0G    …(1) 

where G  is the Einstein tensor. As in usual notation, the Greek 
subscripts run from 0 to 3, with the 0th component representing the 
time coordinate, and the 1st, 2nd and 3rd components denote the 
location in space. 
 
Schwarzschild’s metric is the solution of Einstein’s gravitational field 
equation exterior to a static homogenous spherical body (Peter & 
Dunsby 2000; Howosu 2003; 2007) given by: 
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ABSTRACT 
In this article, we extend the metric tensor exterior to astrophysically real or imaginary spherical distributions of mass whose 
tensor field varies with polar angle only; to derive equations of motion for test particles in this field. The time, radial, polar and 
azimuthal equations of motion for particles of non-zero rest masses moving in this gravitational field have been derived. The 
expression for the variation of the time on a clock moving in this gravitational field has been obtained for pure radial motion, the 
particles move with a constant velocity.  
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g 22   = - r2    …(4) 
g 33  = - r2 sin2    …(5) 

g   = 0;        otherwise  …(6) 
 
where c is the speed of light in vacuum. f(r) is an arbitrary function 
determined by the distribution; it is a function of the radial coordinate r 
only since the distribution and hence its exterior gravitational field 
possess spherical symmetry. From the condition that these metric 
components should reduce to the field of a point mass located at the 
origin (Howosu 2007) and contain Newton’s equations of motion in the 
gravitational field of the static homogenous spherical body, it follows 
that f(r) is the Newtonian gravitational scalar potential in the exterior 
region of the body, defined in this field as 

( ) GMf r
r

 
                             …(7) 

where G is the  universal gravitational constant.  
 
Now, let us consider a mass distribution within spherical geometry in 
which the tensor field  varies with polar angle only.The covariant metric 
tensor for the gravitational field exterior to this distribution of mass or 
pressure is given as (Howosu 2007). 
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where the comma denotes partial differentiation with respect to (0,1,2) 
= (ct,r, ).  Equations (20) to (30) can be written more explicitly in 
terms of (ct,r,  , ) as 
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It is well known that the general relativistic equation of motion for 
particles of non-zero rest masses in any gravitational field are given by 
(Bergmann 1987). 
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where   is the proper time. Setting   = 0 in equation (42) gives the 
time equation of motion as 
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Substituting equation (31 into (43) gives 
2 0 0 2

0
022 2 0d x dx dx

d d d  
                                     …(44)  

  
Equation (12) can be written more explicitly as  

g 22    = - r2    …(10) 
g 33    = - r2 sin2    …(11) 

g    = 0;        otherwise   ...(12) 
 
where ( )f   is an arbitrary function determined by the astrophysical 
distribution and posseses all the symmetries of the latter a priori.  
 
To obtain the corresponding contravariant metric tensor for this 
gravitational field, we apply the Quotient Theorem (Arfken 1995) of 
tensor analysis: 
 




  gg     …(13) 

where 
  is the Kronecker delta tensor defined by 
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By imposing the Quotient Theorem of tensor analysis (equation 13) on 
the covariant metric tensor yields the components of the contravariant 
tensor as 
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g     = 0;    otherwise   …(19) 
 
The coefficients of affine connection, defined by the metric tensor of 
space-time are found to be given in terms of the metric tensor as 
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where the dot denotes differentiation with respect to proper time, . 
Equation (45) is the time equation of motion for particles of non-zero 
rest masses in this  gravitational field. It is instructive and interesting to 
note that equation (45) can equally be written as  
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where A is a constant of motion. But, as t  ,   0f    and 

thus 1A  . Equation (48) thus becomes  
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Equation (49) is the expression for the variation of the time on a clock 
with this gravitational field. Similarly, setting  =1 in equation (42) 
gives the radial equation of motion as  
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    …(50) 
For pure radial motion 0     and hence the radial equation (18) 
becomes 
 

0r                                                                     …(51) 
 
Equation (51) is the pure radial equation of motion for particles of non-
zero rest masses in this field. Thus, the instantaneous pure radial 
speed of a particle of non-zero rest mass in this gravitational field is 
constant.  
 
Also, setting   = 2 and   = 3 in equation (51) gives the respective 
polar and azimuthal equations of motion for particles of non-zero rest 
masses in this field as 
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It is instructive to note that equation (53) is equal to the azimuthal 
equation of motion for particles of non-zero rest masses in 
Schwarzschild’s field (Bergmann 1987; Peter & Dunsby 2000; Howosu 
2003; Howosu 2007. Thus, the instantaneous azimuthal angular 
velocity from our field is exactly the same as that obtained from 
Newton’s theory of gravitation (Howosu 2005) and Schwarzschild’s 
metric. 

Remarks and Conclusion  
The time, radial, polar and azimuthal equations of motion for particles 
of non-zero rest masses exterior to astrophysically real or hypothetical 
spherical distribution of mass, whose tensor field varies only with polar 
angle were found to be equations (45), (50), (52) and (53) respectively. 
The immediate consequences of the results obtained in this paper are  
 
- The solution to the time equation of motion gives the variation 

of the time on a clock with the gravitational field. Thus, the 
expression for gravitational time dilation in this gravitational 
field has been obtained. 

- The radial equation of motion can be used to obtain the 
instantaneous speed of a particle of non-zero rest mass in 
this field. For pure radial motion, the instantaneous speed of 
a particle of non-zero rest mass is found to be constant  

- The azimuthal equation of motion is the same as that 
obtained from Schwarzschild’s field and Newton’s Theory of 
gravitation. Hence, our field has no effect on the azimuthal 
motion of particles. 

- The coefficients of affine connection obtained can equally be 
used to construct the Riemann-Christoffel, Ricci and 
Einstein’s tensor for this field and hence the Einstein field 
equations for this gravitational field can be obtained.  

- The resultant Einstein field equations obtained from (iv) 
contain only a single unknown  f   and thus they can be 

solved to obtain explicit values for  f  . 
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